We carry out first-principles density-functional calculations of the antiferrodistortive (AFD) and ferroelectric (FE) soft-mode instabilities in tetragonal SrTiO3, with the structural degrees of freedom treated in a classical, zero-temperature framework. In particular, we use frozen-phonon calculations to make a careful study of the anisotropy of the AFD and FE mode frequencies in the tetragonal ground state, in which an R-point AFD soft phonon has condensed. Because of the anharmonic couplings, the presence of this AFD distortion substantially affects both the AFD and FE mode frequencies. The AFD mode is found to be softer for rotations around a perpendicular axis (Eg mode) than for rotations about the tetragonal axis (A1g mode), in agreement with experimental results. The FE mode, on the other hand, is found to be softer when polarized perpendicular to the tetragonal axis (Eu mode) than parallel to it (A2u mode). The sign of this frequency splitting is consistent with the experimentally reported anisotropy of the dielectric susceptibility and other evidence. Finally, we present a discussion of the influence of various types of structural distortions on the FE instability and its anisotropy.
I. INTRODUCTION
First-principles calculations are proving to be one of the most powerful tools for carrying out theoretical studies of the electronic and structural properties of materials. A particularly successful application of this technique has been its use in understanding the perovskite ferroelectric compounds. These materials have important technological applications because of their switchable macroscopic polarization and their piezoelectric properties. They are also attractive objects of fundamental study because of the rich variety of phase diagrams that they display as a function of temperature. At high temperature, the ABO 3 perovskites retain full cubic symmetry. However various structural phase transitions take place as the temperature is reduced.
1 For example, BaTiO 3 and KNbO 3 undergo phase transitions from the cubic paraelectric (PE) phase to a succession of tetragonal, orthorhombic, and finally rhombohedral ferroelectric (FE) phases. In contrast, PbTiO 3 displays only a single transition, from the cubic PE phase to a tetragonal FE phase. In NaNbO 3 and PbZrO 3 , non-polar antiferrodistortive (AFD) or antiferroelectric (AFE) transitions take place, associated with different types of tilts of the oxygen octahedra, in addition to the FE transitions. It is understood that the two types of transitions result from the condensation of soft phonon modes at the Brillouin zone boundary with q = 0 and at the zone center with q = 0 (Ref. 2) .
The low-temperature behavior of SrTiO 3 has been an attractive subject for experimental and theoretical study. SrTiO 3 behaves as an incipient ferroelectric 3 (similar to KTaO 3 ) in the sense that it has a very large static dielectric response and is only barely stabilized against the condensation of the FE soft mode at low temperature.
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As the temperature is reduced, SrTiO 3 first undergoes a transition from the cubic to a tetragonal AFD phase at 105K, 6 but this transition is of non-polar character and has little influence on the dielectric properties. The static dielectric response closely obeys a Curie-Weiss law of the form of ǫ ∼ (T − T c ) −1 at temperatures above about 50K, but the divergence at a critical temperature T c ∼ 36K that would be expected from this formula is not observed. 4, 5, 7 Instead, the susceptibility saturates at an enormous value of ∼ 2 × 10 4 as T approaches zero. Because the system is so close to a ferroelectric state, it is not surprising to find that it can be induced to become ferroelectric, either by the application of electric field 6 , uniaxial stress 8 or by the substitution of Ca ions on the Sr sublattice. 9 Finally, the SrTiO 3 system also displays puzzling phonon anomalies [10] [11] [12] [13] and electrostrictive response 14 in the low-temperature regime. This peculiar behavior, especially the failure of the system to condense into a FE phase at low T , has been the subject of considerable theoretical study and speculation. [15] [16] [17] [18] [19] [20] [21] Recently, efforts have focused on the socalled "quantum paraelectric state" postulated by Müller and Burkard, 17 who suggested that quantum fluctuations of the atomic positions could suppress the FE transition and lead to a stabilized paraelectric state. [17] [18] [19] [20] This hypothesis has received dramatic support from a recent experiment showing that isotopically exchanged SrTi
18 O 3 appears to become ferroelectric at 23K, 22 21 predicted that SrTiO 3 would first undergo the AFD transition at about 130 K, and then a further transition into a state with simultaneous AFD and FE character at 70 K. Anharmonic interactions between the AFD and FE modes were found to be competitive, in the sense that the presence of the AFD distortion was found to reduce the FE transition temperature by about 20%. The same authors later showed that, when a quantum-mechanical treatment of the atomic positions was included via a quantum path-integral Monte Carlo simulation, the AFD transition temperature was shifted very close to the experimental one at 105 K, and the FE transition was suppressed down to the lowest temperatures that could be studied (∼5 K), 20 consistent with the experimental absence of a transition. On the other hand, LaSota and coworkers have recently performed a first-principles calculation of the ground state structural properties and interactions between the FE and AFD instabilities in SrTiO 3 using an LAPW approach. 25, 27 These authors found that the AFD tetragonal structure is stable against the FE distortions, indicating no interaction between the AFD and FE modes. The conclusion is in contrast to the previous theory. 21 However, LaSota et al. made certain approximations to the FE eigenmodes, as will be discussed below.
An additional motivation for a detailed theoretical study of SrTiO 3 is the opportunity to make contact with the remarkably systematic experimental study of Uwe and Sakudo. 8 These authors made careful measurements of the anisotropic dielectric susceptibilities and Raman mode frequencies as a function of uniaxial stress applied along different crystal orientations. They also fitted their results, plus those of previous experimental studies, to obtain a phenomenological description of the couplings between the AFD, FE, and strain degrees of freedom of the crystal. In particular, their fit contains an anisotropic coupling which, in the tetragonal AFD phase, tends to favor FE distortions that are perpendicular to the tetragonal axis over those that are parallel. However, previous theoretical work has given an unclear picture of this anisotropy. On the one hand, Vanderbilt and Zhong 28 found that the interaction between the FE and AFD modes, which was mainly through the on-site anharmonic coupling, would tend to favor FE modes polarized perpendicular to the AFD tetragonal axis, in accord with experiment. On the other hand, the Monte Carlo calculations previously referred to 21 indicated a sequence of transitions with decreasing temperature in which the FE order parameter of a z-polarized mode was found to develop before the x or y-polarized ones, indicating that the z-polarized mode goes soft first. Finally, the recent work of LaSota et al. 25, 27 suggests that there is very little anisotropic coupling at all. In view of these apparently conflicting theoretical results, we felt it worthwhile to clarify this situation by carefully studying the anisotropy of the FE distortion energy in the AFD ground state.
With these motivations, we have carried out a thorough analysis of the ground-state structural and dynamical properties of tetragonal SrTiO 3 using first-principles density-functional calculations. This approach is based on a classical treatment of the nuclear motions, and so is obviously unable to take into account the quantum zero-point motion of the ionic positions which becomes critically important at low temperature. Nevertheless, from such a calculation one is still able to compute interaction parameters for comparison with experiment, to identify the effects which tend to suppress the FE instability in the presence of the AFD state, and to obtain qualitatively a picture of the dielectric anisotropy connected with the splitting of the differently polarized FE modes in the AFD state.
The calculations are carried out using a plane-wave basis and ultrasoft pseudopotentials. 29 The theoretical equilibrium AFD structure is obtained by minimizing the energy with respect to cell volume, c/a ratio, and internal parameters. Frozen-phonon calculations are then used to obtain the frequencies of Γ-point and R-point phonon modes, including FE soft modes, in the AFD ground state. For this purpose, we make use of a pointgroup symmetry analysis to reduce the complexity of the distortions that need to be studied. In order to interpret the results in terms of a phenomenological description involving FE and AFD mode distortions and strains, we use an approach similar to that underlying the effective-Hamiltonian scheme first developed for the BaTiO 3 system 26 and later applied to SrTiO 3 . 20 That is, we use the LDA calculations to compute the values of the Taylor expansion coefficients of the total energy with respect to these distortions, and compare with the experimental determinations of Uwe and Sakudo. 8 The rest of the manuscript is organized as follows. In Sec. II we briefly describe the technique employed for the first-principles calculations. In Sec. III we present and discuss the results of the calculations. We begin with the determination of the theoretical tetragonal AFD structure, and then proceed to study the energies of AFD and FE distortions about this reference structure, with special attention to the anisotropies of the AFD and FE mode frequencies. Finally, we conclude in Sec. IV.
II. THEORETICAL DETAILS
Our ab-initio plane-wave pseudopotential calculations are based on the Hohenberg-Kohn-Sham densityfunctional theory (DFT) within the local-density approximation (LDA). Ultrasoft Vanderbilt pseudopotentials 30,31 A conjugate-gradient minimization scheme 23 is used to minimize the Kohn-Sham energy, using a plane-wave cutoff of 30 Ry for all calculations. Unless otherwise stated, our calculations are carried out at the theoretical equilibrium lattice constant of 7.303 a.u.
23 which is ∼1% less than the experimental value of 7.365 a.u., the discrepancy representing the inherent LDA error.
Cubic SrTiO 3 has a simple cubic 5-atom unit cell with a common lattice parameter a along the [100], [010], and [001] directions. We will briefly discuss some calculations carried out for a doubled unit cell corresponding to the condensation of a soft AFD mode at the (110)π/a or M point of the Brillouin zone (BZ) boundary. However, most of our attention will be focused on the ground-state tetragonal phase obtained by freezing in an AFD phonon mode at the (111)π/a or R point of the BZ boundary. This triply-degenerate phonon mode corresponds to the rotation of the TiO 6 octahedra in opposite directions from one cubic unit cell to the next, followed by a small tetragonal strain. (Note that it is conventional to label the phonon modes with respect to the simple-cubic BZ, even when they condense to lower the symmetry.) Taking the rotation to be about the z axis, we adopt a 10-atom tetragonal unit cell with lattice vectors of length , respectively. That is, the x-y frame is rotated by 45
• relative to the x ′ -y ′ frame (z axes are congruent).
In all cases, we use a k-point set that is equivalent to the 6×6×6 Monkhorst-pack mesh 32 in the BZ of the sim- ple cubic cell, corresponding to 108 k-points in the full BZ of the tetragonal cell. The irreducible BZ then contains 6 k-points for the undistorted cubic structure; 10 k-points for the tetragonal ground-state structure, with or without additional A 1g or A 2u mode displacements; and 20 k-points for the tetragonal structure with additional E u mode displacement.
III. RESULTS AND DISCUSSIONS

A. AFD instability in cubic unit cell
To establish notation, we let the energy of an AFD phonon mode per 10-atom cell of the cubic perovskite structure be expanded up to fourth order in φ z ,
where φ z = (a/2) sin θ z is the magnitude of the oxygenatom displacement associated with the rotation of the oxygen octahedra around the [001] axis, as shown in Fig. 1 . In Fig. 2 we show the computed values of the total energy versus rotation angle for AFD modes at both the M and R-points of the BZ (corresponding to in-phase or out-of-phase rotations in neighboring planes of octahedra along z respectively). These were computed at zero strain, i.e., with the lattice vectors fixed to be those of the theoretical equilibrium cubic structure (a=7.303 a.u.). As can be seen, the computed total energy versus rotation angle can be fitted very well by the quartic Eq. (1). Defining the mode stiffness κ=∂ 2 E/∂φ 2 z , we find that κ < 0 for both M -and R-point modes as shown in Fig. 2 . Nevertheless, the magnitude of κ for the M -point mode is only ∼10% that of the R-point mode, indicating that the instability at the R point is much stronger than that at the M point. Consequently, for the remainder of this paper we will limit our discussion to R-point distortions only.
As can be seen from Figs. 2 and 3 , the equilibrium octahedral rotation angle is found to be θ z =5.5
• , significantly larger than the zero-temperature experimental value of 2.1
• . 33 Since the theoretical equilibrium lattice constant (7.303 a.u.) is somewhat smaller than the experimental one, we also carried out similar total-energy calculations at the extrapolated zero-temperature (7.365 a.u.) and room-temperature (7.38 a.u.) experimental lattice constants. 34 The results shown in Figure 3 confirm that increasing the lattice constant or crystal volume tends to suppress the AFD instability, as expected from previous work. 21, 20 However, the resulting variation of the equilibrium rotational angle is too small to explain the experimental observation, changing only marginally to 4.89
• and 4.69
• at the zero-and room-temperature experimental lattice constants, respectively.
These results demonstrate that the underestimate by ∼ 1% of the lattice constant by the LDA is not the primary factor responsible for the theoretical overestimate of the rotation angle. Moreover, we shall see in the next subsection that the inclusion of strain relaxation effects only acts to increase (slightly) the theoretical equilibrium rotation angle. Thus, we think that the smaller observed value of the AFD rotation angle can most likely be attributed to the quantum fluctuations associated with the motion of the oxygen atoms. This effect is not included in the theory, and should act to reduce the amplitude of symmetry-breaking distortions. While previous work has indicated that the quantum fluctuations should have a weaker effect on the AFD modes than upon the FE ones, 20 the effect on the AFD modes could still be quite significant. An alternate possibility is simply that the underestimate is a result of LDA error not associated with the lattice constant. In any case, we have chosen to complete our theoretical investigations by considering distortions about our theoretical ground-state AFD structure, keeping in mind that the results should be interpreted with the overestimate of the rotation angle in mind.
B. AFD modes in the tetragonal structure
To study the ground-state tetragonal structure, the lattice strains also need to be taken into account. We adopt the usual Voigt notation x i for the strain tensor, but set x 4 = x 5 = x 6 = 0 because such off-diagonal shear strains will not enter into our considerations. We take i=1, 2, 3 corresponding to the x ′ , y ′ , and z pseudocubic axes for both strains x i and rotations φ i . Expanding the energy up to quartic order in AFD amplitudes, quadratic order in strain, and leading order in the strain-AFD coupling, the symmetry-allowed contributions are FIG . 3 . Calculated values (symbols) and fits (curves) of the force experienced by an oxygen atom as a function of octahedral rotation angle θz, computed at the theoretical cubic (a=7.303 a.u., diamonds), the experimental T =0 (a=7.365 a.u., circles), and the experimental room-temperature (a=7.38 a.u., squares) cubic lattice constants. Arrows indicate the theoretical and experimental equilibrium rotation angles of 5.5
• and 2
• , respectively.
We choose the tetragonal ground state to be oriented along the z-axis, with x 1 = x 2 = 0, φ 1 = φ 2 = 0, and φ 3 = 0. In this ground state, phonon modes corresponding to additional oscillations of φ i belong either to the E g (i=1 or 2) or the A 1g (i=3) representation of the tetragonal D 4h point group. For symmetry-preserving (A 1g ) distortions, it is convenient to re-express the three strain components in terms of a volume strain x and a shear strain v according to
In terms of these variables, the second and third lines of Eq. (2) can then be rewritten as
and
where α = c 11 + 2c 12 , β = c 11 − c 12 , To
Substituting into Eq. (2),
where
Thus, when the strain relaxation is taken into account, the equilibrium rotation angle is given by
We determine all the interaction parameters κ, A x , A n x , c 11 , c 12 , b 11 , and b 12 via a series of finite-difference calculations of total energies and forces within the LDA. Table I lists our results and compares them with the corresponding values determined by Uwe and Sakudo by fitting to experiment 8 (all units have been converted to atomic units). We find very good agreement overall.
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The fact that A X < A x implies that the inclusion of strain relaxations strengthens the AFD instabilities at anharmonic order. The equilibrium rotation angle increases to 6.0
• (compared with 5.5
• for the cubic strain state), while the equilibrium values of x and v are found to be −0.10% and 0.23%, respectively.
In the tetragonal AFD ground state, the frequencies of the soft phonon modes associated with additional rotations of the oxygen octahedra are given by evaluating
where m φ = 4m O is the mass factor associated with the oxygen rotational mode and the derivative is to be evaluated under conditions of fixed strain at the equilibrium structure (i.e., at the equilibrium values of x, v, and φ z ). Eq. 11 gives the frequencies of the E g and A 1g modes to be, respectively,
where A n X = A n x + γ 2 /β. The values of the two frequencies are 45 cm −1 and 130.7 cm −1 respectively, so that the frequencies of the A 1g and E g modes are roughly in the ratio 3:1. This is consistent with observed ratios of ∼2.5:1 in pressure-dependent experiments 36 and ∼3:1 in temperature-dependent experiments 37 . Up to this point, the analysis has been done at the theoretical equilibrium lattice constant. However, it is well known that the LDA tends to underestimate the lattice constants of perovskites by ∼1%. 23 Moreover, past experience has shown that the displacement patterns associated with soft modes may depend critically on the lattice constant and strains. 38, 39 To take these effects into account, we adopted a strategy of applying a negative hydrostatic pressure to the lattice to restore the experimental lattice constant. 26 Using Eq. (2) and minimizing the Gibbs free energy
with respect to x at fixed pressure P , we find
while v is independent of pressure. Then
where the effective harmonic coefficient is
Thus, at fixed pressure, the equilibrium rotation angle is
As one can see, the harmonic coefficient κ eff depends upon the external pressure variable. It would thus be possible, in principle, to adjust P so as to fit the resulting rotation angle to the experimental angle of 2.1
• . However, the pressure needed to achieve this, −14.4GPa, would expand the lattice constant to 7.48 a.u., which is much larger than the experimental value. Instead, we adjust P so as to fit the experimental lattice constant. That is, we adjust P so that the volume strain is x = (a exp − a theo )/a theo = 0.849%, where a exp =7.365 a.u. and a theo are the zero-temperature experimental and theoretical lattice constants, respectively. Substituting (16) into (14), we obtain
Inserting x = 0.849% leads to P = −5.26GPa. The strains along the tetragonal and planar axes are found to be 1.135% and 0.705%, respectively. Relative to a cubic cell with the experimental lattice parameter 7.365 a.u., the tetragonal cell we obtained is thus expanded along [001] while compressed along the [100] and [010] directions. In this circumstance, the equilibrium rotation angle is found to be 4.93
• . Under these conditions, the A 1g and E g soft-mode frequencies of Eq. (12) now become
From the coefficients in Table I , A x /A X =1.187 and 2A n X /A X =1.11, so that clearly |ω(E g )| < |ω(A 1g )|. In fact, the two frequencies are calculated to be ω(E g )=37 cm respectively).
To summarize the results so far, we have found that the AFD mode condenses at the R point of the cubic BZ, associated with a triply-degenerate phonon of Γ 25 symmetry. As a consequence of the transition from the cubic to the tetragonal state, the degenerate R-point modes split strongly into an A 1g singlet and an E g doublet, the latter having a softer frequency than the former. This is in good qualitative agreement with experiment.
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The expansion approach used above for the AFD modes makes an implicit assumption that the phonon eigenvectors from the cubic structure are a good approximation to those in the tetragonal AFD structure. For the AFD modes, where the anisotropy is large, we do not expect this approximation to be at all serious. However, our next task will be to analyze the FE mode anisotropy in the AFD state. As will be seen below, this turns out to be much more delicate than for the AFD modes. Thus, we have chosen to take a different approach for the FE modes, in which the normal modes in the AFD ground state are directly computed. The symmetry analysis needed to do this is given in the next subsection, and the FE mode analysis is then given in the concluding subsections. 
C. Symmetry analysis of normal modes in AFD tetragonal phase
In this section, we present some details of the pointgroup symmetry analysis of the normal modes in the AFD tetragonal structure, needed for the calculation of the frequencies of transverse optical (FE) modes at the Brillouin zone center.
To harmonic order, the displacement energy can be expressed as
where u It is well known that the vibrational modes at a given k-point in the BZ of a crystal transform according to the corresponding irreducible representations of the symmetry group for that k-point. Such an analysis, which has previously been used to construct the forceconstant matrices for the FE modes in the cubic perovskite structure 23 and for all modes in the tetragonal FE structure of PbTiO 3 , 40 is applied here to the zonecenter modes in the AFD tetragonal structure of SrTiO 3 . When SrTiO 3 condenses from the cubic into the tetragonal AFD phase, the point group lowers from O h to D 4h . Because we are interested in zone-center modes, the symmetry group of k is just the D 4h point group itself, which contains 16 symmetry operations that can all be generated from a fourfold rotation C 4 and two mirror reflections σ h and σ d . The character table is shown in Table  II . There are 10 irreducible representations (irreps), of which two are two-dimensional. The AFD soft modes originating from the cubic Γ 25 (R) phonons now belong either to the A 1g or E g irreps, depending on whether the octahedron rotation axis is parallel or perpendicular to the tetragonal axis, respectively. Similarly, the modes originating from cubic Γ 15 FE modes are now either A 2u or E u , depending on whether the polarization is parallel or perpendicular to the AFD axis. 
To label all of the displacement patterns associated with the 10-atom cell (30 degrees of freedom), we use the notation T αK to denote a displacement associated with atom type T in pseudocubic Cartesian direction α and having "phase relation" K. The five atoms types are abbreviated as 'S' for Sr, 'T ' for Ti, '3' for oxygen atoms making Ti-O chains in the z direction, and '1' and '2' for oxygen atoms in TiO 2 x-y planes. The "phase relation" K is either 'Γ' or 'R' depending on whether the two atoms of the same type in the 10-atom cell move in-phase or outof-phase (that is, whether they originate from Γ-point or R-point modes of the parent cubic structure). Note, however, that some individual displacements contribute to more than one irrep (e.g., 1zΓ and 2zΓ contribute to both the A 2u and B 2u irreps). Thus, for the two in-plane oxygens we introduce alternative "type" designations E ('even') and O ('odd') in place of '1' and '2', where
(six degrees of freedom for each atom type), classifying them according to the irreducible representations to which they belong. Note that the four (E,O)(x,y)R modes do not have a simple one-to-one correspondence with the A 1g , A 2g , B 1g , and B 2g modes to which they give rise; these are indicated in the table with just the notation R.
Since we have access to the Hellmann-Feynman forces 41 in our first-principles ultrasoft-pseudopotential approach, it is convenient to compute the force-constant matrix elements from finite differences as
where F is the force that results from a sufficiently small displacement u. We can use the symmetry analysis to identify the set of sublattice displacements that may participate in a given normal mode, and to calculate the forces that arise at first order with each such displacement. For example, for the A 2u FE mode, we find the four displacements of types SzΓ, T zΓ, EzΓ, and 3zΓ may participate. For each, a displacement amplitude of 0.2% of the lattice constant is chosen so that the harmonic approximation is still well satisfied. From each such calculation, the resulting force vector is projected onto the same set of four displacements, thus building up the 4× 4 force-constant matrix. This matrix is then symmetrized and diagonalized. In a similar way, the FE E u mode is represented in a 6×6 subspace with basis SxΓ, T xΓ, T yR, 3xΓ, ExΓ, and OyΓ.
D. FE instability in the AFD tetragonal phase
Previous work of Zhong and Vanderbilt 42 and LaSota et al. 24 has indicated that cubic SrTiO 3 , in the absence of any AFD distortion, shows a FE instability. We have confirmed this result here by performing frozen-phonon calculations and building up the 4 × 4 force-constant matrix for Γ 15 modes polarized along z (essentially the same procedure outlined for the A 2u modes at the end of the last subsection, except performed for the cubic 5-atom cell). The non-zero eigenvalues of the corresponding dynamical matrix are given in Table IV for both the theoretical equilibrium (7.303 a.u.) and expanded experimental (7.365 a.u.) lattice constants, together with other theoretical and experimental results for comparison. Our results at the theoretical volume indicate that the FE soft phonon mode frequency remains real, although it was imaginary according to the earlier linear-response and plane-wave calculations which used slightly different lattice constants. 24, 42 However, at the zero-temperature experimental volume, the frequency is found to be imaginary, indicating that the FE instability is indeed very sensitive to the crystal volume. Increasing the crystal volume enhances the FE instabilities, in agreement with experiment. 44, 21 This is in contrast to the AFD instability, which weakens with increasing volume as shown in Sec. III.A. These results suggests that there is an inherent competition between AFD and FE modes. To understand the behavior of the FE modes in the zero-temperature AFD tetragonal structure, we next perform frozen-phonon calculations for this structure. We use the AFD state described at the end of Sec. III.B, i.e., P = −5.26GPa, V =798.989 a.u.
3 , c/a = 1.004, and φ z =4.93
• . Both E u and A 2u modes are calculated using the method presented in Sec. III.C. Tables V and VI present the resulting eigenfrequencies and eigenvectors for the three lowest modes of each symmetry. It can be seen that both the E u and A 2u soft-mode frequencies are imaginary (96i and 90i cm −1 , respectively). Totalenergy calculations are then performed with the corresponding eigenmodes at different mode amplitudes. The double-well energy curves are as shown in Fig. 4 . One can see that the well depth of the E u mode is substantially greater than that of the A 2u mode, indicative of a much stronger instability for a distortion of E u symmetry.
With respect to the FE mode frequencies, the comparison with experiment is problematic because the theoretical values are imaginary (indicating an instability) while the experimental values are not (consistent with a non-FE T =0 ground state). As indicated in the Introduction, the experimental stabilization of the non-FE AFD structure is understood to result from quantum fluctuations of the atomic coordinates. It should be emphasized that the purpose of the present calculations is to study the low-temperature structural instabilities in a classical framework, i.e., in the absence of quantum fluctuations. Thus, the existence of the FE instabilities in our DFT-LDA ground state calculations, taken together with earlier quantum Monte Carlo simulations, 20 tend to corroborate the hypothesis that the quantum fluctuations are responsible for the experimental absence of a real FE phase. Nevertheless, we can make the following comparisons. In the stress-induced Raman scattering measurement of Uwe and Sakudo, the E u and A 2u soft mode frequencies were found to be 9.1±0.6 cm −1 and 19±1 cm −1 respectively (this appreciable splitting between the two modes has frequently been overlooked). 8 The two squared frequencies produce a difference of 3×10 2 cm −2 . Our calculation shows the difference between the two frequencies to be 6 cm −1 , roughly the same order of magnitude as the difference found experimentally. However, the theoretical difference of squared frequencies is 10×10 2 cm −2 , or roughly three times larger than the experimental value. This is simply because of the large magnitude of the imaginary frequencies.
In summary, we found imaginary frequencies for both the FE E u and A 2u soft modes in the AFD tetragonal phase. There is an apparent splitting between the two modes, ω 2 (E u ) < ω 2 (A 2u ), suggesting that the FE structure of E u symmetry is more energetically favorable than the A 2u one. This result is consistent with the fact that the A 2u FE mode is less easily observed in neutron scattering experiments 45 because its energy is higher than that of the E u phonon.
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E. Influences of structural distortions on the stabilities
In the previous subsection, we have calculated the FE phonon frequencies for either a cubic structure in the absence of the AFD distortion, or for a tetragonal AFD phase as observed experimentally. To understand the interaction of different distortions and their roles in affecting the FE instabilities, we performed frozen-phonon calculations for the cubic reference structure at the experimental lattice constant both with and without the tetragonal strain, and with and without the AFD rotation. In Table VII we present the results for the FE phonon frequencies for each of these scenarios.
Observe that the two FE modes instabilities with different symmetries depend on the strain distortion and AFD distortion in an opposite sense. For the A 2u mode, a non-zero shear strain increases the FE instability while an AFD rotation distortion reduces it. The E u mode, however, depends on the two distortions in the opposite way. Thus, the final sign of the frequency splitting (i.e., the sign of the anisotropy) ultimately depends sensitively on a delicate partial cancellation of the two contributions. The final result is that the E u mode is energetically slightly more unstable than the A 2u mode. Finally, we have tested whether the use of the cubic eigen-mode distortion in place of the true tetragonal one is a good approximation for understanding the coupling of the FE and AFD instabilities. We calculated the expectation value ξ c |Φ T |ξ c , where Φ T is the dynamical matrix in the tetragonal ground state structure (fourth row of Table VII ) and ξ c is the cubic eigen-mode distortion vector. The resulting imaginary frequencies are 85.4i and 86.9i cm −1 for the A 2u and E u modes respectively, compared with values of 90i and 96i cm −1 in Table VII . Thus, the splitting is much smaller when the expectation value is used. This makes it clear that the nature of the FE anisotropy is quite sensitive to the tetragonal lattice strain associated with the AFD rotation distortion. This suggests a probable explanation for the fact that the classical MC simulations of Ref. 20 , which are based on use of a cubic mode eigenvector, predicted the anisotropy incorrectly -i.e., the A 2u mode was found to go soft before the E u one.
IV. CONCLUSION
In this work, we have investigated both the AFD and FE structural instabilities in the tetragonal phase of SrTiO 3 . A unique aspect of this work is that we have studied the FE frequencies carefully using the exact eigenmode distortion obtained from the ground-state tetragonal structure, whereas previous studies have made the approximation of using the cubic eigenmode distortion instead. We show that the instabilities have a sensitive dependence on the crystal volume. We also found that the existence of the FE instabilities are affected by the coupling to the shear strain and the rotational distortion. Both types of distortion contribute, but with opposite sign, so that it is a subtle cancellation between them that determines the splitting of frequencies between the E u and A 2u modes. The E u mode is found to be the more unstable of the two in the ground-state AFD phase.
The degree of tilt of the oxygen octahedra is still overestimated in our calculations, compared to the experimental results. We attribute this to the quantum fluctuations of the oxygen coordinates, which tend to suppress the average AFD distortion amplitude in the experiments. The AFD and FE instabilities show opposite trends with an increase of crystal volume (weakening and strengthening, respectively). However, despite this competitive behavior, the FE instability is found to coexist in the zero-temperature AFD phase. Once again, quantum zero-point fluctuations must be invoked to explain the experimental observation that the AFD phase is stable against FE distortions.
